BAD BEHAVIOR AND INCLUSION RESULTS FOR MULTIPLIERS OF TYPE (/>, q)
GARTH I. GAUDRY
To my teachers, Bert Bundesen and Peter Lettice
This paper is concerned with the space of multipliers from L p (G) to L Q (G) for various pairs of indices p and q, where G is an LCA group. We show that if l^p<2<q^co 9 and G is noncompact, then there are multipliers of type (p, q) whose 'Fourier transforms' are not measures. This is an extension of a result of Hδrmander, and completes work begun in two earlier papers (this journal, 1966). In the second part, we show that if G is infinite, many of the natural inclusion relations between spaces of multipliers are proper.
In his paper [10] , Hδrmander established a large number of important results for multipliers from L p (R n ) to L q (R n ). Subsequently, many of the results of the early parts of Hormander's paper have been extended, by using quite different techniques, to the case where R n is replaced by a general (usually noncompact) LCA group. See Figa-Talamanca [2] , Gaudry [5] , [6] , [7] and Figa-Talamanca and Gaudry [3] . However, some of Hormander's results (notably the general form of his Theorem 1.9) have remained hitherto inaccessible with only the techniques of the cited papers available.
The main purpose of this paper is to give a simple, all-embracing approach which allows us to complete the process of generalization and, moreover, provides a much simpler approach to many of the results of [2] , [3] , [5] , [6] and [7] . As an extra bonus, we are able to show that the natural inclusion relations between spaces of multipliers are proper whenever the underlying group is infinite. One such result (Theorem 4.1) yields a qualitative extension of Theorem 2.4 of Hormander's paper.
To set the notation and terminology, G and X will denote LCA groups in duality. For 1 ^ p ^ oo, write L P (G) for the usual Lebesgue space constructed relative to Haar measure on G. The spaces C C (G), M(G) and M U {G) will be the spaces of continuous functions with compact supports, of Radon measures, and of bounded Radon measures on G respectively. S will denote the Fourier transform of the object S whenever it is defined. For 1 ^ p ^ q ^ co, the space L\ of multipliers of type (p, q) is defined as follows. When p < oo, it is the space of continuous linear operators T from L p to L q which commute with translations: Tτ a -τ a T for all aeG, where τ a f(x) = f(x -α). In case p = oo, it is further 84 GARTH I. GAUDRY required that each T be continuous for the weak* topologies on domain and range spaces. The norm on L% will be denoted ||ϊΊ| Pfff . It can be shown [6] that the space L% is identifiable with a certain subspace of the space of 'quasimeasures' on G (for the definition of the space of quasimeasures, see [5] ), each TeL q p being defined by convolution with a unique quasimeasure. Further, the space h% can be identified in a natural way with the space Mξ(X) of Fourier transforms of representing quasimeasures. The elements of M${X) are quasimeasures on X. We shall write f for the Fourier transform of the quasimeasure which represents T. The results we present in § 3 can be thought of as showing that the elements of M}{X) are in general very for from being 'smooth'. 2* The basic construction* The methods used below center around a construction, for general LCA groups, of analogues of the Rudin-Shapiro polynomials. The latter objects are usually defined on the circle group: see [11, Exercise 6, p. 33] . A construction similar to that given below has been used by Hewitt and Ross [9] in a different but related context. [ψk = Φk~ι -Xk-iΨk-i where the χ h _ x are characters chosen (by using the noncompactness. of G) so that [7, Th. 6.6] ) in the case where p = 1 by methods which are quite different from those employed here to establish the more general result.
Before proceeding, it will be useful to recall that if p r denotes the index conjugate to p, then L q = L% with equality of norms. Further, in the triangle x ^ y, 0 ^ x ^ 1, log || T\\ Ptq is a convex function of (1/p, 1/q) . For these facts we refer the reader to [10, Th. 1.3] or [1, Chapter 16] . (4) yields (5) for all TeL\G) with TeC e (X) say. Choose φ = φ 0 to be a function in C C (X) with support in Ω, U^llβo = 1, and φeL\X).
For each positive integer n, let 9> Λ be the function defined in Lemma 2.1 with δ = δ n = 1/w. Since ^eΓΠ L°°(G), it follows that ^elj(l), Define
as n-^ oo; and (c)
as w -• co. Since /0 Λ is supported by the fixed relatively compact set Ω, it follows from (a) and (c), PlanchereΓs theorem and Holder's inequality that i \ρ n (χ)\dχ does not tend to zero as n->oo. On the other hand, since H^Hoo->0 and \\p n \\ 2 is bounded, it follows from Holder's inequality that ||/δ w || β ->0. Substituting f = p n in (5) (G) , that Ll(G) = I/^X), and that if 1 < p t < p 2 < 2, then L} c Ljj c LJ| c L?. It has recently been shown ( [3] , [12] ) that when G is infinite, the above inclusions are all strict. In this final section, we wish to prove results of a similar type. It should be noted that the elementary techniques used below can be applied to establish the results on proper inclusions contained in [3] and [12] .
Young's inequality, restated, yields the information that if 1 < p < q < oo and 1/p -1/0 = 1-1/r, then L r (G) c LJ(G). By using the fact that L% = Z# for all pairs of indices (p, q) and applying the Riesz convexity theorem, we see that if 1 < p 0 < q Q < oo, p 0 = gj, l/p 0 -l/<?o -1 -1/r, K ft < ft < ft < 2 and I/ft -l/g« = 1 -1/r (i = 1, 2), then 1/ c Ljj c L q v \ c Ljj. It is our aim to show that whenever G is infinite, the inclusions are all strict.
Let us remark once for all that since for all pairs of indices (ft <z), L} = L p q ', there is another set of results which can be obtained immediately from those below simply by passing to the conjugate pairs of indices.
The proof that all the inclusions are strict proceeds step by step as follows.
Proof. The proof divides into two cases. 
Proof. Actually more than this is true. For if the space A p is defined as in [4] We now interpolate in much the same kind of way as we did in the proof of Theorem 4. In order to be able to establish Theorem 4.4 for the case of a general infinite compact Abelian group, we shall construct modified Rudin-Shapiro polynomials for the group G = ΠχZ(f) (complete direct product) where r is a prime, and Z(r) is as usual the cyclic group of order r. Our construction is itself a modification of an argument due to Daniel Rider [13] . {We are grateful to Alessandro Figa 
., r -i).
It is easy to check that each of the functions P k (s -0,1, , r -1) has as its spectrum the subgroup of X generated by χ 0 , -T k and has Fourier coefficients taking the values 0,1, •• ,ζ r~1 only. Now by virtue of (17),
Now it is not hard to see that the (r -l)th convolution power %* *9 9 fc of φ k also satisfies conditions (i)-(iv). For its Fourier transform is just the complex conjugate of that of φ k .
We shall need one further result, namely a simple lemma relating the space of multipliers on a group G to the corresponding space of multipliers on a quotient group of G. Then L%\ g L%\.
Proof. Lemma 4.6 shows that it suffices to prove the theorem for a suitable quotient of G.
There are several cases to consider, depending on the group theoretic structure of X, the dual of G.
Case (i). X is not a torsion group. Then X contains a copy of Z, the additive group of the integers. To establish this case, it suffices to prove the theorem when G = T, the circle group.
If L%\ = L j, it follows that L%\ = !#}, and as in the proof of Theorem 4.4, we deduce the inequality Case (iii). X is a group of bounded order. In this case, appeal to a known structure theorem [8, A.25 ] allows us to claim that X contains a subgroup isomorphic to the weak direct product *Π?Z(r) where r is a prime integer. It therefore suffices to prove the theorem in the case where X = *ΠχZ(r). We seek, as before, to contradict the inequality (13'). By Lemma 4.5, there exists a sequence (φ k ) of trigonometric polynomials on G, having the properties (i)-(iv); further, the sequence of (r -l)th powers (?>**•••* φ k ) also have properties are equivalent, we have arrived at a contradiction.
